INTERNATIONAL JOURNAL OF

SOLIDS and
STRUCTURES

www.elsevier.com/locate/ijsolstr

PERGAMON International Journal of Solids and Structures 40 (2003) 4319-4329

Extinction of elastic wave energy due to scattering
in a viscoelastic medium

Jin-Yeon F. Kim *

Department of Industrial, Welding and Systems Engineering, The Ohio State University,
1248 Arthur E. Adams Dr., Columbus, OH 43221, USA

Received 22 April 2003; received in revised form 22 April 2003

Abstract

Forward scattering theorem for elastic longitudinal and shear wave scatterings by an arbitrary-shaped three-
dimensional object embedded in a viscoelastic medium is derived. It is shown that the formulae for extinction cross-
sections of an object in an energy-absorbing medium are formally the same with those of the object in the lossless elastic
medium. Numerical calculations are executed for the longitudinal wave scattering in an epoxy matrix by a spherical
inclusion with different material properties. The condition of negative extinction is examined with the causality con-
straint on the viscoelastic medium taken into account. It is found that the negative extinction occurs in the Rayleigh
limit when the attenuation of the medium is sufficiently high and, more restrictedly, the wave speed in the object is
larger than that in the medium, while it occurs less likely in the high frequency range considered in this paper
(0 < ka < 100).
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The forward scattering theorem (or the optical theorem) is one of the fundamental results in the scat-
tering theory and is physically and formally common to any type of waves (Feenberg, 1932; van de Hulst,
1949; Jones, 1955; Tan, 1976; Varatharajulu, 1977). The evaluation of extinction (total) cross-sections of a
scattering object embedded in an absorbing medium is often demanded, for example, in the analysis of
wave propagation in inhomogeneous materials (Niklasson et al., 1981; Beltzer and Brauner, 1987; Biwa,
2001; Kim, 2003). The extinction cross-section is defined as the rate at which energy is abstracted from the
incident wave during the process of scattering. It is usually derived applying the principle of energy con-
servation to the scattering problem. When the surrounding medium is lossless, the total extinguished power
is expressed as the sum of the power scattered and absorbed by the object. The scattered power may be
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evaluated either on the surface of a hypothetical sphere enclosing the object (Varatharajulu, 1977, Gu-
bernatis et al., 1977) or on the object surface (de Hoop, 1959; Tan, 1976).

When the medium is absorbing, the energy extinction is not readily obvious since not only the object but
also the medium itself participate in the energy extinction process. Even without an object, the incident
wave energy is extinguished in the medium. This fact leads to, as was pointed out by Bohren and Gilra
(1979), an expression of energy extinction that depends on the size of the hypothetical sphere which is
introduced as a purely mathematical device. Consequently, the decomposition of the extinction into con-
tributions of scattering and absorption (in the medium) becomes unclear. Therefore, the argument of the
conservation of energy based on the hypothetical sphere seems no longer appropriate to derive the ex-
tinction cross-section in the absorbing medium. This fact may mislead to conclusion that an exact
expression of the extinction cross-section does not exist in the absorbing medium. However, the definition
of the extinction cross-section does not require the energy conservation to hold.

There have been attempts to extend the ordinary extinction cross-section to the case of a cylindrical
object in the absorbing medium (Beltzer and Brauner, 1987; Brauner and Beltzer, 1988; Biwa, 2001). Since
their formulations still relied on the energy conservation, as shown in (Kim, 2003), their formulae for
extinction cross-sections are valid in the low frequency region where the effect of the absorption is less
significant.

In this paper, the forward scattering theorem for elastic wave scatterings by an arbitrary-shaped three-
dimensional object embedded in an absorbing medium is derived based on a direct mathematical formu-
lation of an actual experiment for measuring optical extinction (van de Hulst, 1949; Bohren and Gilra,
1979; Wymer and Lakhtakia, 1995). Numerical results of extinction cross-sections of a spherical object with
different material properties in epoxy matrix are presented. The conditions under which the paradoxical
negative extinction phenomenon occurs are investigated.

2. Far-field scattering amplitudes

Consider a three-dimensional inclusion embedded in an infinite homogeneous viscoelastic medium
having density p and Lamé elastic constants / and u. The inclusion may be an empty or fluid-filled cavity or
an elastic (or viscoelastic) solid of arbitrary shape. The configuration of the elastic wave scattering by the
inclusion is schematically depicted in Fig. 1, and detailed analysis is given in Appendix A.

The displacement and stress fields of an incident time-harmonic (exp(—iwt)) plane longitudinal wave
propagating in z-direction can be written as

A
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Fig. 1. Schematic showing plane wave scattering by an arbitrary-shaped object, a hypothetical sphere and a detector in the far-field.
The detector measures the wave amplitude on its front face without disturbing the wave field.



J.-Y.F. Kim | International Journal of Solids and Structures 40 (2003) 43194329 4321

U = ik, Poe’r, (1)
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where k,(= w/C,) is the wavenumber associated with the longitudinal wave speed C, = ((4 + 2u)/ p)"%. @,
which has the dimension of length square is set to be unity for brevity and thus does not appear in the
following equations. The scattered displacement vector in the far-field (see Appendix A) is

ikgr

+ |08 ®) + of ) =, ®

ikpr

W (r) ~ £, (F)

where £, 6, ¢ are unit vectors in the spherical coordinate system shown in Fig. 1; 7 = |r| = (x + )% + 22)1/ *is
the distance from the coordinate origin to a receiver at (x,y,z); f,(F), f5, (f) and f;, (t) are directivity patterns
of scattered longitudinal (P) and two mutually orthogonal shear (S; and S,) waves; k(= ®/Cs) is the
wavenumber associated with the shear wave speed C; = (n/ p)l/ 2. The wavenumbers are complex-valued,
that is, kys = &, + 1k] , where imaginary parts are the longitudinal and shear wave attenuation coeflicients.
Accordingly, the elastic constants and the wave speeds are all complex-valued, and thus frequency-
dependent.

The scattered stress dyadic in the far-field is

ikpr eiksr

6(r) ~ ik, [u + 2uff]fp(f) +ikp [(fé +O0R)f, () + (R + ¢b) £, (f)}

7

3. Forward scattering theorems

To derive the forward scattering theorem for the elastic wave scatterings in an absorbing medium, an
experimental setup shown in Fig. 1 is considered. This is a simplified schematic of the actual experiment for
measuring optical extinction (Bohren and Huffman, 1983) by a single particle or a cluster of particles. A
planar detector is located at a large distance from the object in the forward direction such that £,z > 1 and
kez > 1. In the elastic wave scattering, it is assumed that the detector measures but does not disturb the
wave field. This assumption is not necessary in the optical scattering because the geometrical limit ap-
proximation can be applied.

The energy extinction due to whatever reasons such as scattering and/or absorption should appear as a
reduction in the amplitude of the incident plane wave after traveling a large distance. Therefore, by
comparing intensities of wave fields at the same location far behind the object in the absence and in the
presence of the object, the effect (the decrease of the wave intensity) owing solely to the object can be
evaluated (van de Hulst, 1949; Bohren and Gilra, 1979). This approach is certainly an alternative to the
conventional approach calculating the energy flux out of the surface of the hypothetical sphere, and does
not rely on the energy conservation principle. In fact, this approach implements the definition of extinction
cross-section in a straightforward manner. van de Hulst (1949) and Bohren and Gilra (1979) used this
approach to derive the forward scattering (optical) theorem for the light wave, Wymer et al. (1995) for the
acoustic wave in a viscous fluid and Kim (2003) for elastic waves in two-dimensional space.

The average power received by the detector with area Ap can be expressed as

Pp = ™A + P, (5)

where " and P denote the intensity of the incident wave and the extinguished power at the detector,
respectively. Then, the extinction cross-section is obtained by its definition as
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Pext
= (6)

The average power received by the detector is
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where the overbar denotes the complex conjugate.
From Egs. (1) and (2), the intensity of the incident wave is

e = %Im[i(& + 200y ey T2 8)

From Egs. (3) and (4), the scattered power at the detector is

Pyt = %Im/A (I>** cos 0 — I sin 0)dA4 (9a)
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If the detector is observed to be small from the coordinate origin (cos 0 - Ap — Ap and sin 0 - Ap — 0)
and the functions in the first two integrals are not oscillatory, Eq. (9b) can be approximated with its leading
terms as z — oo
Ap

2

PRt~ %Im[i(/1 + 2wk o (@) e + iuk (15, @) + £, (2))e ]

where Z denotes the unit vector in z-direction. At a sufficiently large distance k, sz >> 1, the scattered power
Pa decreases O(z2) faster than the power of the incident wave as z — oo, and therefore it can be neglected.
The extinction power due to interference of the incident and scattered waves is

(10)
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Note that the following relations are used to represent the scattered displacement and stress fields in the
rectangular coordinate system

u, = u, cos 6 — uysin 0, (12)

6. = G, €082 0 + agpsin’ 0 — 26,4 cos O sin 0. (13)

The integrals in Eq. (11b) can be commonly in the following form

J= / n(x, y)e) d4. (14)

Ap

The asymptotic value of this type of integral can be obtained by applying the method of stationary phase
(Born and Wolf, 1987). The only critical point at which the exponential function in the above integral has
stationary phase, 0&/0x(xo, ) = 0 and 0&/0y(xo, ) = 0 is (x0,30) = (0,0) (or ¥ = Z) as z — oo; the leading
term of the integral Eq. (14) is

JNZ’TT”n(ovo). (15)

Thus, evaluating the integrals in Eq. (11b), the extinction power at the detector is

@] (16)

POt = %Im[i(i + 2u)k, ]|k, |6 7257 - 4nRe =
P

The extinction cross-section is obtained, according to Egs. (6), (8) and (16), as

% fo(2)
Z;‘ = —4nRe ’}(—2 . (17)
p
Those for the shear waves (S; and S,) can be derived in the same manner
ex fS »S (i)
Zslfsz = —4nRe # . (18)

Eqgs. (17) and (18) are the forward scattering theorems generalized for elastic wave scatterings in the
absorbing medium and in the same forms, with a rearrangement to account for the complex wavenumbers
(kp and k), as those in the lossless elastic medium (Tan, 1976; Varatharajulu, 1977). The same results have
been obtained using the integral equations for the scattered elastic wave fields (Kim, submitted). It has been
noted by Lim and Hackman (1990) that the additional off-axis term in the expression of extinction cross-
section by Gubernatis et al. (1977) is erroneous. Therefore, the ordinary forward scattering theorems holds
equally in the absorbing medium. This may be the consequence of the fact that the scattering analysis in an
absorbing medium can be formally the same as in the lossless medium if the absorption of the medium is
considered with the complex wavenumbers.

The present result is not so surprising in that since the scattered wave forms the shadow in the forward
direction and interferes with the incident wave causing the amplitude reduction, the total extinguished
power by any possible mechanism, whether the medium is absorbing or non-absorbing, should be pro-
portional to the forward scattering amplitude. The absorption by the object is considered already in the
scattered wave amplitude when it is determined through boundary conditions at the object surface.
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4. Numerical results and discussion

Numerical calculations have been performed for the longitudinal wave scattering by a spherical inclusion
in a highly absorbing viscoelastic epoxy (EPON 828Z) matrix. Fifteen different materials (including the
vacuum) that have been considered for the inclusion are categorized into six different groups of materials
according to their elastic properties as listed in Table 1. The materials in the same group exhibit a similar
behavior. The attenuation in the materials is assumed to increase linearly with frequency, kl’o/‘S = MpsO.
Although this is most appropriate to viscoelastic polymers, the same rule is applied to some metallic
materials considered in this paper. The proportionality constants m, and ms are also shown in Table 1. The
wave speeds of materials in groups B-D as well as the epoxy matrix are frequency-dependent. The values
shown in the Table 1 are wave speeds at w = 0 (C,(0) and C,(0)), which are thus real quantities.

Fig. 2 shows normalized extinction cross-sections 2;’“ /ma? for six representative materials (one from each
group) in the normalized frequency range, 0<kya<100, where a denotes the sphere radius and
kyy = @/Cy(0). Aluminum and polystyrene spheres show negative extinction values. One may expect that
the negative extinction occur at resonance frequencies of the sphere where the incident wave power is
absorbed efficiently producing minima in the scattering power spectrum. However, due to the high rate of
energy loss in the matrix, the resonances of the elastic sphere cannot be supported strongly. It is noted that
the negative extinction occurs rather at minimum positions of the slowly undulating contribution as shown
in Fig. 2. This contribution to the extinction cross-section is due to interference of the waves circumnav-
igating around the object in opposite directions that is called the background of the scattering object in the
resonance scattering theory (Brill and Gaunaurd, 1987). This observation illustrates significance of the
absorption of the medium over the scattering effect in extinguishing the wave energy.

Some comments have to be made in comparison with the results of Brauner and Beltzer (1988) for
horizontally polarized shear wave scattering by a circular cylinder. Some of their results show negative

Table 1
Material properties used in the calculations
Group® Material Cp (0w = 0) (m/s) Cs (v = 0) (m/s) my (s/m) ms (s/m) p (kg/m?)
Matrix Epoxy (Epon 828Z) 2640 1200 0.73x1073 0.22x107* 1202
A Glass 5280 3240 - - 2490
Aluminum 6305 3113 - - 2690
Magnesium 5770 3050 - - 1740
HPA 7056 3753 - - 3160
B Copper 3700 2300 0.93x10°¢ 3.22x107° 8230
Silver 2700 1600 0.12x107¢ 0.47x 1076 10500
Lead 2210 860 0.38x 1073 0.17x 1074 11300
Gold 2000 1200 0.12x107¢ 0.47x107° 19300
C TiC 10000 6200 - - 4900
Steel 5940 3220 0.10x107¢ 0.41x107¢ 7800
Germanium 5285 3376 - - 5360
D Polystyrene 2400 1102 0.60x 107¢ 0.18x 1073 1050
PMMA 2669 1305 0.22x 1073 0.07x107* 1170
E Water 1460 - - - 1000
F Vacuum - - - - -

# Characteristics of materials in different groups are A: stiff and light; B: soft and heavy; C: stiff and heavy; D: polymers whose
properties are close to those of the matrix.
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Fig. 2. Extinction cross-sections for longitudinal wave scatterings in the epoxy by a sphere with different material properties. (a)
Aluminum, (b) copper, (¢) TiC, (d) polystyrene, (e) water, (f) cavity.

extinctions in 5 < ksa < 10. However, this is unlikely to be so because of the following two reasons: First, the
extinction cross-section was underestimated in their theory at frequencies higher than ks = 2 as shown in
Kim (2003); second, the Kelvin—Voight viscoelasticity model used in their calculations gives the attenuation
that increases with frequency faster than a linear function. The causality constraint for a material to be
physically realizable bounds the attenuation to increase with frequency not as fast as a linear function of @
as w — oo (Weaver and Pao, 1981). Consequently, the Kelvin—Voight viscoelasticity model produces un-
physically high attenuation rate, which resulted in the negative extinction in relatively low frequency region
(Brauner and Beltzer, 1988). The linearly increasing attenuation with quite high proportion rate for the
epoxy considered in this paper may be regarded as nearly maximum admissible attenuation in real vi-
scoelastic materials. Nonetheless, among fifteen materials that have been simulated, only aluminum,
polystyrene and PMMA showed negative extinction in 1 <kj,a < 100. Therefore, the negative extinction is
quite difficult to occur in the elastic medium at high frequencies, whereas it occurs in a wide frequency range
in the viscous fluid (Wymer et al., 1995). It is noted that the normalized extinction cross-section of a
spherical cavity (Fig. 2(f)) tends to two times the geometrical cross-section in the high frequency limit
ka — oo just as in the lossless medium. This is analogous to the electromagnetic wave scattering by a
perfectly conducting sphere (Wymer and Lakhtakia, 1995).

The normalized extinction cross-sections of the spherical inclusion in the low frequency kya <1 are
plotted in Fig. 3 for the six representative materials. Most of the materials have negative values of the
extinction cross-section except for the spherical cavity and the water-filled sphere. It is interesting that
this phenomenon occurs well in the low frequency range in which the dynamic effect is usually neglected
and thus the attenuation of the medium might have been omitted in the calculation. The polystyrene
sphere shows a small negative extinction in this frequency region due to very small difference in material
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Fig. 3. Extinction cross-sections for longitudinal wave scatterings in the epoxy by a sphere with different material properties in the
Rayleigh limit.

properties. The negative extinction seems to be apparently paradoxical but it can be readily understood: In
a medium which is more absorbing than the scattering object, it is possible for the detector to receive more
energy when the object is present than when it is absent (Bohren and Gilra, 1979). In fact, the negative
extinction in the low frequency is because the extinction due to the scattering is smaller than the extinction
due to the viscoelastic loss in the same volume that the object occupies.

To find conditions in terms of properties of the constituent materials under which the negative extinction
occurs in the Rayleigh limit, the following simulations are performed. The parameters that influence the
extinction cross-section are attenuations in the medium and in the object, k) /k,, k! /k,, 1}/, ! /K(; ma-
terial property contrasts, C,/c,, Cs/cs, p,/p;; ratios between longitudinal and shear waves, C,/Cs, ¢, /cs; the
frequency, ka. Here, ,5(=x;, +ix; ) and ¢, are complex wave numbers and wave speeds in the in-
clusion. To reduce the number of parameters, the attenuation in the object is ignored. It is also assumed
that & /k, = k! /k; and C,,/Cs = ¢, /cs. These assumptions do not remove the generality of the simulation
since they are fairly reasonable in many materials. The frequency is kya = 0.05; the longitudinal wave speed
of the surrounding medium is C, = 2640 m/s; C,/C, =2.2 at this frequency. Then, the remaining pa-
rameters are k; /k;, C,/c, and p,/p;. In Fig. 4, the conditions of the negative extinction in terms of the
normalized attenuation and the wave speed ratio are shown for different density ratios. The dark areas are
where the extinction cross-section has negative values at this frequency. Note that the condition may vary,
but slightly, depending on the frequency. It is interesting to note that the negative extinction occurs mostly
when C,/c, < 1, which is also the reason that the cavity and the water-filled inclusion have non-negative
extinctions as shown in Fig. 3. The occurrence conditions depend strongly on the density ratio. For ex-
ample, the negative extinction can occur only for very high attenuation and 0.3 < C,/c¢, < 1, when
p2/p; = 3.0. When p,/p, > 3.0, the negative extinction does not exist for any material combination. For
other density ratios, it occurs in the medium with quite high attenuation, k; / k> 2% 10~*. A full physical
understanding of the dependence of the negative extinction on the parameters is quite complicated.
However, since the condition depends on relative dominance between the scattering and the absorption and
intuitively the scattered wave amplitude is determined by reflectivity (or transmissibility) of the object, the
occurrence conditions shown in Fig. 4 will be related closely to these properties of the object. The ratio of
acoustic impedances between the matrix and the object (p,c¢/p,C) along with kg /kl’D may be used in the
further study.
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Fig. 4. Conditions for the negative extinction in the Rayleigh limit (kjya = 0.05). (a) p,/p; = 3.0, (b) p2/p; = 1.1, (¢) po/p; = 0.5, (d)
p2/py = 0.01.

5. Conclusion

The ordinary forward scattering theorem for elastic wave scatterings in the lossless medium is generalized
to the case in which the medium is energy-absorbing. The mathematical formulation is inspired by the
actual experiment for measuring the optical extinction. The derived expressions of extinction cross-sections
are in the same forms with those for the lossless medium. The conditions of the negative extinction are
investigated for different materials in different frequency regions. It is found from numerical calculations
that the negative extinction occurs in the Rayleigh limit when the attenuation of the medium is sufficiently
high and, more restrictedly, the wave speed in the object is larger than that in the medium.
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Appendix A. Elastic wave scattering by a three-dimensional object

The formal analysis of elastic waves scattering by a three-dimensional object has been given by Varat-
harajulu (1977). Therefore, those equations in (Varatharajulu, 1977) can be directly adopted only with a
sign correction. The potentials for the plane time-harmonic incident longitudinal (P) wave propagating in
z-direction are written as
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where w is the angular frequency. The displacement and stress fields are found by the following rela-
tions

u=Vo+kV x fV]+V x V x [tI], (A.4)
6 =1V -u+ u(Vu+uV), (A.5)

where I is the second order identity tensor.
The potentials for the scattered longitudinal wave and two mutually orthogonal shear waves (Morse and
Feshbach, 1953) are

G = 3" S AT (0,6) + BLY (0, &) (hyr), (A.6)
n=0 m=0

P = %Z van [C. Yy, (0,0) + D, Yo, (0, )] (kr), (A7)
n=0 m=0

m = %Z vanE Ye,(0,0) + FYp, (0, 9)lh (ksr), (A.8)
n=0 m=0

where Y5°(0, ¢) are the even and odd spherical harmonics, %, (k) is the first kind spherical Bessel function
of order n, and 4,, B,, C,, D,, E, and F, are unknown scattering coefficients that can be determined from
boundary conditions. The normalization constant y,,, is given by

Y = [60(2n 4 1) (n = m)!/dn(n + m)1)' %, (A.9)

where ¢, is the Neumann factor (¢ = 1, ¢, = 2 for n > 0). Here, it should be noted that in the Debye
scattering theory the scattering fields in Eqgs. (A.6)—(A.8) can be assumed in the same forms regardless of
whether the surrounding medium is lossless or absorbing.

In the far-field, the spherical Hankel functions can be approximated as

ikr

hallr) ~ (i) =

Then, one obtains the far-field asymptotic scattered displacement field as Eq. (3) and the scattering
amplitudes or the directivity patterns are

(A.10)

3 3 A (0, ) + BLY3 (0. )] (A.11)
n=0 m=0
(n+1) a
f‘Sl ; % /mn Sln@ ad) (C Ynm(e d)) +D”Y (9 (]5)) 60 (E Y (0 ¢)) +FYnm(9 d)))

(A.12)
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